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Outline

Alntroduction & Motivation

AEarth SystemModelsComplexity
ADiscovering UnknowBynamics
ALearning\onlinearity

AReducig High-Dimensionality
AGlimpse oKoopman Operator Theory

AApplications
Alrrigation SchedulingField Scale, Can@ommand Scale, Basin Scale)
ACryosphere Monitoring (Seasonal Snowfall, Glacier Surging)




Joint Work with:

APhD students
AHamza Rafique
AHassaam\hmad
A AhmadHaseelRabbani

AResearch\ssociates
AHaseebAhmad

AUndergraduate Students
AHarisRathore
A Ali AnserJaffri



What | will not cover today:

AAgricultural roboticUAVs, UGVs, USVs) (with Dr. H. Jaleel, Dr. M. Taj)

AlntegratedAssessmenimodeling / Climate Change Governar{egth
Dr. M. Awals)

ASociehydrological Systems Analyéwith Dr. Talha Manzoor)

AHydrometereologicakensometworks/ Edge Alwith Z. Ahmad,
FarhanAmmar)

AFlood Early Warning, Farmedvisory service@with Ali A. Abbas,
XWIT)



ATMOSPHERIC CIRCULATION AND RADIATION
CHEMISTRY (CO,,NO,,SO,, AEROSOLS,...)

SEA ICE

OCEAN ECOLOGY AND PLANT ECOLOGY
BIOGEOCHEMISTRY AND LAND USE

LAND PHYSICS
OCEAN CIRCULATION AND HIDROLOGY

https://www.climateurope.eu/earthsystemmodelinga-definition/






https://www.geo.fu-berlin.de/en/v/iiwrm/Implementation/water _and_the_ physical environment/water cycle/index.html



Irrigation Intensity in the Indus Basin

Indus Basin supports high
proportion of irrigated areas
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Global Map of Irrigation Areas (Version 5, 2013)

Source: FAO.2024 AQUASTAT Core Database (accessed 17 May 2025) v



Irrigated Agriculture 1a Desert Environment

https://theconversation.com/technologieswvill-tackleirrigation-inefficienciesin-agriculturesdrier-future-40601



IrrigationModifieskarth Systenbynamics

a Dryland agriculture b Irrigated agriculture

Planetary boundary layer

httpS'//dOi org/lO 1038/s43 - More certain impact M Carbon MCH, “\ Sensible heat
017-0.23-0(.)438-5 | ---» Uncertain impact B N,O NO, N\ Latentheat




radiation received
at ground

soil thermal

soil temperature —> S
P radiation

\ cloudiness P -
albedo 4/— soil moisture :g:ts:::::ble 1
| — - latent heat / convection .
air humidity flux >| potential
energy

: air thermal
air temperature > emission &

absorption

/ PRECIPITATION

RUNOFF




Water-Balance in the Root Zone

transpiration irrigation
ramfall

Surface Water Balance Model

——

df e
nZ, —d(;) = (0(1),1) — x(0(1)) ’F\r s
evaporation ,

¢ soil porosity root zone height

su
C Surface Gains Osurface
flow

o(B(t),t) =17 + I} + R(6(t), ) ~

"Orrigation,’Y —O)hd effective rainfall rate

C Surface Losses capillary percolation
x(0(1) = E(0(t)) + L(0(t)) rise
Losses due to Evapotranspiratidd —0) and dﬁ(f)
deep percolationd —0) '”_ZTF = (0(t).t) — x(6(t))
14




Energy Balance

climate grass ET
. C . o reference o
Evaporation + Transpiration = Evapotranspiration crop

Radiation )
Surface Energy Balance (SEB) Models 1‘ Wi specd +
umidity
_0"Y 'Y¢ 'O 'O '

well watered
grass

Y~ : : N C
_O"YResidual/ latent heat fluxi{ 7¢ <) K, factor
Y. - Net incoming radiationd ¥& )
"O- Soil Heat fluxdd ¥& <)

"O- Sensible heat fluxa{ 74 <)

ETy x

well watered crop

optimal agronomic conditions

Rn H ET

\ st K adjusted ETC adJ

T,

F N,
€ (3 4 [ \ (3 I water & environmental
G O°Y Ye 'O O

15



Leakagdéo Groundwater

evaporation

N

. . . SUbSUfface
Deep PercolationGravitydriven water leakages below the crop rootzon  flow

o - ()

transpiration irrigation

rainfall

Fr . ‘deep
capillary percalation
i rise

—¢ soil moisture at wilting point — ¢ soil moisture at field capacity
L ¢ saturated hydraulic conductivity (m/s or r ¢ model parameter
cm/day)
1 ¢ pore sizes distribution index
Losses are maximum when the soillis Hydraulic conductivity drops sharply
fully saturated. as soll dries

BroccalL., F. Melone, and T. Moramarco. "On the estimation of antecedent wetness conditions ingrainédflmodelling."Hydrological

Processes: An International Jour@al5 (2008)

Laiq Francesco, et al. "Plants in watgyntrolled ecosystems: active role in hydrologic processes and response to water stiesghdbilistic

soil moisture dynamics." Advances in water resources 24.7 (2001)



Note:

APrimary challenges related fearth Systems Dynamics
AThey are highlynonlinear.
AThey are extremelizigh-dimensional
ATheyare mostlyunknown

Alf we discover ESD, we use them for:
AlInterpretation
APredictions / forecasts
A Optimization & Control
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Alnterpretation
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A Optimization & Control



Example: Soil Moisture Modeling

A1200 Acres / 485 hectares

ARabi Season
A1 December: 28 30 April, 24

A100 acres Wheat
A25 acres subplots

:--E Wheat crop

I .
| 1 Maize crop



SEBAL Soil Moisture Estimates

ASEBAL
ATop Surface Soil Moisture
A08-12-2023

Band 1 {Gray)



SatellitebasedSoilMoisture TemporaMapping*

0.325
—— Prediction (Mean)
0.300 1 [ ---- Measured
~ 0275 X Model uncertainty (+ Std)
m 1 A - £y
_g- l“ :\\\ W : ‘\‘ \\‘ 'r-\ ’ % \\
3 E 0.250 1 3 ! VAN YRV \ NG N
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1
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0.1251 i i i i ‘
2025-07 2025-08 2025-09 2025-10 2025-11 2025-12

*Accepted at
H. Rafique and A. Muhammad, "A deep learning framework for Farm-scale soil moisture retrievals: A case study for a

data-scarce Region,"IGARSS026 - 2026 IEEEInternational Geoscience and Remote SensingSymposium, Washington,
21

D.C, 2026



SatellitebasedSoilMoisture SpatiaMapping*

ML Models Dense Fine Resolution

Dense Coarse Resolution

*Under Review in
H. Rafique, A. Muhammad, and Jawairia Ishfaq, Thermal Guided Super Resolution for Reak Downscaling SMAP Soil
Moisture," in IEEE Geoscience and Remote Sensing Letters, 2026. 22



- Solil Texture Class

- DEM
ah - LULC
{ High res. aux | .| 5T (MYD11A1)
params
SMAPP-E @ 9km C=5:19
Coarse SM Upsample Fine SM ] [C, 54, 54]
(9km) Ox (1kmr) J
[1, 6,6l [1, 54, 54] ) Block
. v average
i n (.
ReS|_duaI | p ok '
Learning SR

[1, 54, 54]

{ Fine SM 1

(1km)

[1, 54,54]

»
»

NSIDC: SMAP
Derived @ 1km

{ [ I [ WLIAEST Jb

Two Aqua MODIS products akfin resolutiort daily daytime/nighttime LST (MYD11A1) and biweekly NDVI (MYD13A2)




SMAP 9 km SMAP 1 km-R Predicted 1 km
(Coarse Observation) (Bilinear Interpolated) (Model Qutput)
[6x6] [54x54] [54x54]

SMAP 9 km SMAP 1 km-R Predicted 1 km
(Coarse Observation) (Bilinear Interpolated) (Model Output)
[6x6] [54x54] [54%54]

Ground Truth 1 km
(Proxy Target)
[54x54]

Ground Truth 1 km
(Proxy Target)
[54x54]

o
]
o

Soil Moisture (m3/m?)

Soil Moisture (m3/m?)




Training Data

ASamples Extraction

A9km
A 6 x 6 pixels

A1km
A 56 x 56 pixels
ATrain data: ~ 5.5 years

AF: 04/2015 to 12/2021 : 1117 samples
AB: 01/2017 to 06/2024: 1063

ATest data: 1.5 year
AF: 01/2022 to 06/2024: 210
AB: 04/2015 to 12/2021: 264

. Open Water
Developed, Open Space
ﬂ:ﬂ Developed, Low Intensity
. Developed, Medium Intensity
. Developed, High Intensity
Barren Land
. Deciduous Forest
- Evergreen Forest
Mixed Forest
Shrub/Scrub
Grassland/Herbaceous
Pasture/Hay
- Cultivated Crops
Woody Wetlands

- Conarmant Llarlharamai e \Alatlandas

Cloud cover pixels:
-9km < 2 pixels
-1km < 25%

California State

200 km



Results

PSNR (18) | Pearson®

Baselineforward 0.0382 -0.0076 0.0017 16.3001 0.5817
SRCNHMorward 0.0261 -0.0033 0.0008 19.5081 0.8581
PSNR (dB) | PearsonR
Baselinebackward 0.0355 -0.0103 0.0019 14.4425 0.5295
SRCNMvackward 0.0216 -0.0049 0.0008 18.7526 0.8813
PSNR (dB) | _PearsonR__
Baselinemean 0.03685 -0.00895 0.0018 15.37 0.5559

SRCNHMnean 0.02385 -0.00410 0.0008 19.13 0.8700



Snow Depth Gap Filling :
ASnovvdeﬁth - aproxy for water availability =~ ~
later in the season. =

ADecadatrends showmpacts of climate
change.

Pakistan

AProblem:Communication and sensor e
problems lead to gaps in data. o 2
. / ) Indus River Basin = G
ASolution:Use a Random Forest model AL
trained on the available snow depth data o

- -25°N
A

%.h, HydroSHEDS

.
%

as well as predictors from a uniform and F S
continuous data source (ERA&Nd) to ol ™.
predict snow depth values for days Wheref-;r =GR
sensor was not working. &l

AModel able to predict with mean absolute il S~ S8,
error of 0.09 m. 4 E N

1. https://confluence.ecmwf.int/display/CKB/ERABNd%3A+data+documentation



https://confluence.ecmwf.int/display/CKB/ERA5-Land%3A+data+documentation
https://confluence.ecmwf.int/display/CKB/ERA5-Land%3A+data+documentation
https://confluence.ecmwf.int/display/CKB/ERA5-Land%3A+data+documentation

Snow Depth (meters)
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Snow depth in meters (daily mean) for Eight Winter Seasons at the Elevation of 2865 meters




Original Data

Gap Filled Data
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Note:

APrimary challenges related farth Systems Dynamics
AThey are highlynonlinear.
AThey are extremeliiigh-dimensional
ATheyare mostlyunknown

Alf we discover ESD, we use them for:
Alnterpretation
APredictions / forecasts
AOptimization & Control



Early Warning Signals in Earth System Dynamic

A Many Earth systems (glaciers, climate, ecosystems) exhibit tipping behavior
A Sudden transitions can have catastrophic consequences
A Detecting Early warning signals (EWS) is critical for risk mitigation

A Khurdopin Largesurgetype glacier (approx. 40 k
length) inShimshaValley, Karakoram, Pakistan

A Surged in 2017 blocking ti&himshativer

A Upcoming surge predicted a year in advance

Latitude (°N)

Steiner, J.Fet al. (2018)TheKhurdopinGlacier Surge Revisited
extreme flow velocities and formation of a dammed lake in
2017, The Cryosphere

Longitude (°E)



Critical Slowing Down as an Early Warning Sign

A Near a tipping point, system stability gradually @[ basin of auraction @]
basin of attracti
Weakens E ? a l:l 8] ’1[[1)'1 tion
. . . f—g :’ low recovery rate
A Small disturbances persist longer instead of = = @~

disturbances
disturbances

decaying quickly

" Equilibria:F(x) = 0 e

A Observable effects: 2

—
~
S~

~

—
—

state
state, 1+ 1 ©

—~
~
—

A Increased autocorrelation

State
state, 1 + 1

A Increased variance

time, ¢ state, ¢ time, ¢ state, 1

Xn+1 — F(Xﬂ)

Lenton T.M. et al. (2012&arly warning of climate tipping points from critical slowing down: Comparing methods to improve robustness, Philosapticabis of the Royal Society



dzi . 6S R2Yy QU (1y2¢ (K.

Xn+l1l — F(Kﬂ)

AMeasue X by direct measurements, state estimation, downscaling
etc. (snapshots)

M
{x(m),y(m)} such that y(m) = F(x{m))g m=1,..., M.

m=1

X — (x(l) x(2) ... X(ﬂ-i’)) c R>*M vy — (y(l) y(z) y(ﬂ-fj) c RI*M

AHow to findF?



Enter Koopman and von Neumann!

Aln 1931 Bernard Koopman (and later with John
von Neumann)ntroducedan operator-theoretic
approach to dynamical systems, initially to
describe Hamiltoniasystems.

AKoopmanoperators offer a powerful alternative t
the classical geometric view of dynamical syste
by addressing the fundamental issue of
nonlinearity.

Koopman, B. O. (1931), ‘Hamiltonian systems and transformation in Hilbert space’, Proceedings of the Na-
tional Academy of Sciences 17(5), 315-318.

Koopman, B. O. & von Neumann, J. (1932), ‘Dynamical systems of continuous spectra’, Proceedings of the
National Academy of Sciences 18(3), 255-263.



Primer on Koopman Theory

3 C
: ) g0
] g t e
H & ‘:‘ﬂ \
/ \‘l' "?:-s?‘ g(Xl) |
f‘
X3 J ® g (XO) g (Xn)

g(x0)  g(x1)  g(x2) g(x3)  g(xn)
Linear ® > @ > ® »o---===>0 |nfinite-Dimensional

Kge® Kgeo Kg.*

’0 “ ‘O

Nonlinear ¢ e i B0 o > Finite-dimensional
F X1 F F

[Kgl(x) = g(F(x)), sothat [Kg](xn)=g(xn+1)
Think of it as @oordinate transformationunder which even strongly nonlinear dynamigay be approximated bya linear systen

Ref:Matthew J.Colbrook TheMultiverse of Dynamic Mode Decompositidilgorithms 2023.



Primer on Koopman The:

e g(Xz.)v g(x3)
g e

Think of it as @oordinate transformationunder which even ' L0
strongly nonlinear dynamiawnaybe approximated bya linear ‘,.,.\;(XO) g(;n)
system

[}Cg] (X) — g(F(X)), SO that [K:g] (xﬂ) — Q(XT£+1) Linear g(OXO) i](:q) i(OXQ) z(.X:;) g(:(n) Infinite-Dimensional

Kg.®  Kgo®  Kg.

With Linearity, you also gepectrd Nonlinear ;{0 & ;{1 = ).(2 ey *®  Finite-dimensional

If g € L*(Q,w) is an eigenfunction of K with eigenvalue )\, then g exhibits perfect coherence
9(xn) = [K"gl(x0) = A"g(x0) Vn €N.

An observable g with ||g|| = 1 and ||(K — Al)g|| < € for A € C is known as e-pseudoeigenfunction

IK"g — A"g| < O(ne)

K'g =Y Xig,0j)¢; Vg€ Hyp,neN.

Ref:Matthew J.Colbrook TheMultiverse of Dynamic Mode Decompositidilgorithms 2023.



Dynamic Mode Decompositiol€zic 2003)

AA computational algorithm for constructing K from state snapshots.

Xn+1 = F (Xn)

X = (x(l) x(2 ... X(ﬂ-f)) c R>M vy — (y(lj G y(_.-m.f)) c RIXM
min Y — KDMDX
Solve Ko cCaxd | |p



Dynamic Mode Decompositiol€zic 2003)

AA computational algorithm for constructing K from state snapshots.

Xpil = F(Xn) TheGalerkininterpretation
= T
Solve Kgl(x) ~ Z-’u-j(x)((} 'Ag)j = ) u;j(x)(Kpyp8);
J=1 j=1
min ['Y — KpupX||g
Kpyp €Cdxd

Time steps: £g = lim ~AY =9
Atlo At
to get

Kpup = YXT - (Cdx'i
which can be approx. by SVD:
KDMD = U*YVXE-l e ‘CTXT:

Kat = exp(AtL)



Fluid flow past a cylindrical obstacle
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Ref:Matthew J.Colbrook TheMultiverse of Dynamic Mode Decompositidigorithms 2023.




Fluid flow past a cylindrical obstacle

Moaode 1

DMD Eigenvalues

Relative Prediction Error

" Extent of snapshot data

N

109}

[
1
1
M |

10° 10 10°
-1 0 1 Number of time steps (n)

Ref:Matthew J.Colbrook TheMultiverse of Dynamic Mode Decompositidigorithms 2023.



Nonlinearity and High Dimensionality in cihe

Coordinate discovery
3 —\ & ™

IR SRSSSOSN
A A R BN S

ooo‘ ) ’
\ (k <k+1,/

i 5 o i -
B e S S W S
L o e R e e NN
S

cee @ (k+1 = K(k \
e @ Dynamics discovery

cee @
...‘/

$(x) Y(<)

Reza, Maryam, et al. "Progress and future directions on predictive data-driven reduced-order modeling for Electric

Propulsion Digital Twins." Proceedings of the 38th International Electric Propulsion Conference (IEPC 2024),
Toulouse, France, June. 2024.



Critical Slowing Down as an Early Warning Sign

A Near a tipping point, system stability gradually ¢
weakens

~
-~
~

basin of attraction

A
~
-~

—

basin of attraction
< >

potential

potential

low recovery rate
FYLS

disturbances

A Small disturbances persist longer instead of

decaying qU|Ck|y | | dislurl.mncc‘gry

A state A state
A Observable effects: ®)

—_—
—

state, r+ 1 o

~—

A Increased autocorrelation

state

AR

state, 7+ 1 ™

A Increased variance

time, ¢ state, ¢ time, ¢ state, ¢

A Dynamically, this corresponds to the Dominant (Non-periodic) eigenvalue magnitude approaching 1

Lenton T.M. et al. (2012Ztarly warning of climate tipping points from critical slowing down: Comparing methods to improve robustness, Philosap&icabis of the Royal Society



Early WarningiaDMD/ Koopman Theory

AUse Dynamic Mode Decomposition (DMD) on a sliding window over the
time series

AEach window provides a local linear approximation of system dynamics

ACompute Dynamic Eigenvalue (DEV):
AEigenvalue of the DMBstimated local linear operator
A Approximates eigenvalues of the underlying system Jacobian

Alnterpretation:
A |DEV| approaching 1 from belows loss of stability
A Crossing 1> onset of instability

ATracking DEV over time reveals evolving system stability



Khurdopin (RGI2000-v7.0-G-14-21665)

Case StudKhurdopinGlacier

! = Glacier Median
4000 - | —— Max Point (Static)
36.35 | -- Max Envelope
i
3000 4 I
- |
36.30 é |
> I
£ 2000 :
|
‘ i
? 36.25P 1000 A I -
o Yt
s I
:,3
0_
36.20 .
| time
— Max Eigenvalue
164~ Stability Threshold (1.0)
) —- Onset of Instability (>1)
36.15
1.4 1
()
2121
5
S 2
36.10 JERHGpUpRIEGR g e e i 1
75.40 7545 75.50 7555 75.60 75.65 g I
Longitude (°E) 2081 I
|
A Large surgeype glacier (approx. 40 km length) in |
ShimshaWValley, Karakoram, Pakistan |
p

A Surged |n 2017 bIOCklng ttﬁ’"mshahver 2006 2008 2010 2012 . 2014 2016 2018 2020
A Upcoming surge predicted a year in advance

Steiner, J.Fet al. (2018)TheKhurdopinGlacier Surge Revisitegxtreme flow velocities and formation of a dammed lake in 20b@ Cryosphere



Case StudyisparGlacier

Hispar (RGI12000-v7.0-G-14-21670)

5000 1

4000 A

Velocity (m/yr)
w
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1000

—— Glacier Median
—— Max Point (Static)
--- Max Envelope

I

time

=
~
wv

=
%)
o

=
]
v

=
o
o

= 0.75 1

v

jlgenvalue Magnitude
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